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Abstract. In the previous paper [Ben2] we generalized Greenberg's construction of the /2-invariant 
to semistable p-adic representations. Here we prove that this construction is compatible with Perrin- 
Riou's theory of p-adic L-functions. Namely, using Nekovai^'s machinery of Selmer complexes we 
prove that our yC-invariant appears as an additional factor in the Bloch-Kato type formula for special 
values of Perrin-Riou's Iwasawa L-function. 
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Introduction 

0.1. In [Ben2], using ideas of Colmez [C4] we defined a natural generalization of Greenberg's 
/^-invariant [G] to pseudo-geometric representations V of Gal(Q/Q) which are semistable at p. 
More precisely, assume that V satisfies the following conditions: 

1) H°{V) = H°{V*il)) = and Hj{V) = H}{V*{1)) = 0; 

2) V is semistable at p and the map 1 — p~^ip~^ acts semisimply on Dst(^)- 

3) T>st{Vr=^ = 0. 
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4) The ((/?, r)-module Djjg(V') has no crystalhne subquotient of the form 

^ n{\x\x'') ^ u ^ n ^ 0, k^i. 

See sections 1.1, 2.1 and 3.1 for unexplained notations and further details. Remark that TZ 
denotes the Robba ring over Qp and 4) is a direct generalization of Hypothesis U of [G]. Let 
tv{Qp) = Dst(V^)/Fil°Dst(y) denote the tangent space of V at p. We say that a Qp-subspace 
D c Dst(V) is admissible if it is stable under the action of ip and the natural projection 
D — > ty(Qp) is an isomorphism. The main construction of [Ben2] associates to {V,D) a p- 
adic number C{V,D) E Qp which coincides with the Grccnbcrg's ^-invariant if V is ordinary at 
p and D = 'Dgii^F^V) where F'^V denotes the canonical filtration of V provided by ordinarily. 

0.2. The goal of the present paper is to show that this definition is compatible with Perrin- 
Riou's theory of p-adic L-functions. For a profinite group G and a continuous G-module X 
we denote by C*{G,X) the standard complex of continuous cochains. Let 5 be a finite set of 
primes containing p. Denote by Gs the Galois group of the maximal algebraic extension of Q 
unramified outside Sujoo}. Set Rr5(X) = C'{Gs,X) and Rr(Q^,,X) = C'iG^.X), where G„ 
is the absolute Galois group of Qy. Let Rrc(V^) denote the complex sitting in the distinguished 
triangle 

Kr,{v) KTsiv) © Rr(Q„,y). 

■ue5U{oo} 

The Euler-Poincare line of V is defined by Aep(^) = detQ^Rrc(V^). 

Now assume that V is the p-adic realization of a pure motive M/Q. Let Mb and M^r denote 
the Betti and the de Rham realizations of M and let iM(Q) = -^dR/Fil°-^dR denote the tangent 
space of M. Fixing non zero elements ujb £ detQM^ and cot £ detQtM(Q) one can define a 
canonical trivialization 

: Aep(V") -> Qp . 

Let T be a Gg-stable lattice of V. According to the conjecture of Bloch and Kato [BK] in the 
form of Fontaine and Perrin-Riou [F3] 

^wt,oJBA^^'P\^ )) - o I. , — TT^P' 

where ^ooif^ti^B) is the Deligne period. Assume in addition that V is crystalline at p. Fix an 
admissible subspace D of D<,ris(^) and a Zp-lattice N of D. Prom the semisimplicity of tp we 
deduce the decomposition D ~ D_i©D'^=p"' where D_i = {ip)-p-'^)D. Set P = Gal(Q(Cpoo)/Q), 
Pi = Gal(Q(Cp«=)/Q(Cp)) and A = Zp[[Pi]]. Fix a topological generator 71 G Pi and denote by Ti, 
the ring of operators /(71 — 1) where f{X) = Xl^o '^nX'^ E Qp[[X]] converges on the p-adic open 
unit disk. Let K. be the field of fractions of H. Fix h ^ 1 such that Fil~''Dcris(V^) = Dcris(V^)- 
Perrin-Riou's theory [PR2] associates to (T, N) a free A-module 

T) C /C Fix a generator 

/ (71 — 1) of Jj[^]^{N, T) and define a meromorphic p-adic function 

Li^,^(T,iV,s) = /(x(7i)^-l), 

where x '■ P ^ is the cyclotomic character. Let be a generator of dctzp(A^). The 
isomorphism D ~ i\/(Qp) allows us to consider loj^ as a basis of detQ^ty (Qp). We also fix a 
generator ujt E detz^T^ and define the p-adic period Q.p{u)T,ijJ-B) € Qp by u-q = Q.p{(jOT-,i^-a)(^T- 
Our main result can be stated as follows. 
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Theorem 0.3. Let V he a pseudo-geometric p-adic representation which is crystalline at p. As- 
sume that it satisfies conditions 1-4)- Let D be an admissible subspace ofDcrisiV)- If^iD, V) 7^ 

then 

i) Li„^h(T,N,s) is a meromorphic p-adic function which has a zero at s = of order e = 

a) Let Lj^ ^(T, N, 0) = limg^o s ^Li^^h(T^ N, s) be the special value ofLiy,^h{T, N, s) at s = 0. 
Then 

Lr^,,(r,7V,o)^ 

T{hf+^''^ C{D,V) E;{V,l)detQ^ { ^^i-^ 1^-^) ^p('^^'^b)W,u,b,p (AepIT)), 

whereTQi) = {h-l)\, d+{V) = d\Diq^{V+), Ep{V,t) = det{l- (ft \ B„is{V)) is the Euler factor 
atp and E*{V,t) = Ep{V,t) (^^ - ^ 

Remarks 0.4. 1) Assume that V is an arbitrary pseudo-geometric representation which is 

crystalline at p and such that Dcris(^)'^^^ = Dcrisl^)"^^^ = 0. In this case the p-adic L- 
function has no trivial zeros (if exists) and a very general Iwasawa-theoretic descent result is 
proved in [PR2], Chapitre III. If V satisfies 1-4) and D<,ris(^)'''^^ ^ = 0, it is easy to see that 
jC{D, V) = 1 and Theorem 0.3 is a particular case of this result, but our goal here is to study the 
case of trivial zeros. 

2) Let E/Q be an elliptic curve having good reduction at p. Consider the p-adic representation 
V = Sym^(rp(£^)) (g) Qp, where Tp{E) is the p-adic Tate module of E. It is easy to see that 
D = Deris C^)*^^^ is one dimensional. In this case some versions of Theorem 0.3 were proved 
in [PR3] and [D] with an ad hoc definition of the >C-invariant. Remark that p-adic L- functions 
attached to the symmetric square of a newform were constructed by Dabrowski and Delbourgo 
[DD]. 

3) This theorem suggests that one should exist an analytic p-adic L-function La,n{T,N,s) such 
that 

• Lan{T, N, s) has a zero of order e — d'^iV) at s = 0; 

. LUT, N, 0) Z CiD, V) E;iV. 1) de.,. (i^iC^ ID.,) ,(m,0). 

0.5. The organization of the paper is as follows. In §1 we review the theory of (</?, r)-modules, in 
particular, the computation of cohomology of F) -modules of rank 1 following [C4]. In §2 we 
recall preliminaries on the Bloch-Kato exponential map and review the construction of the large 
exponential map of Perrin-Riou given by Berger [Ber3]. In §3 we review the definition of the C- 
invariant given in [Ben2] and interpret it in terms of the Bockstein homomorphism associated to 
the large exponential map. In §4 we prove Theorem 0.3 using the main result of §3 and Nekovaf 's 
Iwasawa-theoretic descent techniques. In Appendix we prove derived versions of the well known 
computation of the local Galois cohomology in terms of ((^, r)-modules [HI], [CC2]. 

Acknowledgements. I am very grateful to Jan Nekovaf and Daniel Delbourgo for several 

interesting discussions and comments concerning this work. The main result of this paper was 
announced in a talk at the conference "Iwasawa 2008" (Ihrsee/ Augsburg) organised by C. Greither 
and J. Ritter. I would like to thank them very much. 
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§1. Preliminaries 

1.1. (99, r)-modules. 

1.1.1. The Robba ring (see [Berl],[C3]). In this section K is a finite unramified extension 
of Qp with residue field k^, Ok its ring of integers, and a the absolute Frobenius of K. Let K 
an algebraic closure of K, Gk = Ga\{K / K) and C the completion of K. Let Vp : C — > MU {00} 

denote the p-adic valuation normalized so that Vp{p) = 1 and set \x\p = ( p ) • Write B{r, 1) 
for the jj-adic annulus B(r, 1) = {x G C | r ^ |a;| < 1}. As usually, denotes the group of 
p"-th roots of unity. Fix a system of primitive roots of unity e = (Cp")n^O; Cp" G ^p" such that 
Cp" = Cp"-i for ah n. Set = K{Cp..), = 0^=0 ^n, Hk = Gal{KfK^), F = G&\{K^/K) 
and denote by x '■ r —>■ Z* the cyclotomic character. 
Set 

E+ = ^irn Oc/pOc = {x= {xo,x-i, ... ,a;„, . . . ) | = Vi G N}. 

Let G Oc be a lifting of .x„. Then for all m the sequence converges to x^"*) = 

lim„^oo ^^m+n ^ which does not depend on the choice of liftings. The ring E+ equipped with 
the valuation ve{x) = Wp(a;^°-') is a complete local ring of characteristic p with residue field kx- 
Moreover it is integrally closed in his field of fractions E = Fr(E+). 

Let A = W(E) be the ring of Witt vectors with coefficients in E. Denote by [ ] : E — >■ W(E) 
the TeichmuUer lift. Any u = {uq, Ui,. . .) G A can be written in the form 



u = 

n=0 

Set TT = [e] — 1, A^^ = OKo[[7r]] and denote by Ak the p-adic completion of A^ [^/t^]- 
Let B = A Bk = Ak and let B denote the completion of the maximal unramified 

extension of B^ in B. Set A = B n A, A+ = W(E+), A+ = A+ n A and B+ = A+ [l/p] . All 
these rings are endowed with natural actions of the Galois group Gk and Frobenius (p. 

Set Ak = A^^ and B^ = Ak [^/p] ■ Remark that F and ip act on B^ by 

r(7r) = (1 + 7r)^(^) - 1, tGF 
(/p(7r) = (l + 7r)P-l. 

For any r > define 

fit-'- = |x G B I lim (vE{xk) + k] = +00] . 

Set Bt''- = B n Bt.*^, = B^ n Bt-^ Bt = U B^'*^ At = A n Bt and B"[^ = U . 

^ r>0 ^ r>0 ^ 

It can be shown that for any r ^ p — 1 



B 

Define 



l^'^ = < /(tt) = E afcTr'^ I Ofc G and / is holomorphic and bounded on B{r, 1) 
I feez 

bV ^ = < /(tt) = E OfcTT^ I Qk & K and / is holomorphic on i?(r, 1) > . 

I fcez J 
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Set ll^K) = U Bji'": ^ and 11+ (K) = 11{K) n if [[tt]] . It is not difficult to check that these rings 

r^p— 1 °' 

are stable under T and ip. To simplify notations we will write TZ = TZ{Qp) and T?."*" = TZ'^{Qp). 

1.1.2. (v?, r)-modules (see [F2], [CCl]). Let A be either b]^ or n{K). A (99, r)-module over 
A is a finitely generated free A-module D equipped with semilinear actions of ip and T commuting 
to each other and such that the induced linear map ip : A (g)^ D — > D is an isomorphism. Such 
a module is said to be etale if it admits a A|^-lattice N stable under (p and F and such that 
ip : (g)^ N ^ N is an isomorphism. The functor D T^iK) (g)gt D induces an equivalence 

between the category of etale (99, r)-modulcs over and the category of {(p, r)-modules over 
'R-{K) which are of slope in the sense of Kedlaya's theory ([Ke] and [C5], Corollary 1.5). Then 
Fontaine's classification of p-adic representations [F2] together with the main result of [CCl] lead 
to the following statement. 

Proposition 1.1.3. i) The functor 

Dt : y H^Dt(y) = (Bt®Q^y)^^ 

establishes an equivalence between the category ofp-adic representations o/Gk and the category 
of etale {(p,T) -modules over b|^. 

ii) The functor Dtg(y) = TZ{K) Dt(y) gives an equivalence between the category of 
p-adic representations ofGx and the category of {ip,T) -modules overTZ{K) of slope 0. 

Proof, see [C4], Proposition 1.7. 

1.1.4. Cohomology of F)-modules (see [HI], [H2], [Li]). Fix a generator 7 of F. If D 
is a ((/?, F)-module over ^, we denote by Gp^^^D) the complex 

C^,^(D) : D ^ D®D ^ D 

where f{x) = ((<^ - 1) x, (7 - 1) x) and g{y, ^) = (7 - 1) y - (^ - 1) z. Set H\D) = H\G^,^{D)). 
A short exact sequence of ((^, F)-modules 

gives rise to an exact cohomology sequence: 

^ H^{D') H^{D) H^{D") H\D') > H^{D") 0. 

Proposition 1.1.5. Let V he a p-adic representation of Gk- Then 

i) The complexes 'RT{K,V), C(^^-y(D'^(V')) and G^^^{Ti\^^{y)) are isomorphic in the derived 
category of Qp-vector spaces T>{Qp). 

Proof. This is a derived version of Herr's computation of Galois cohomology [HI]. The proof is 
given in the Appendix, Propositions A. 3 and Corollary A.4. 

1.1.6. Recall that A denotes the Iwasawa algebra of Fi, A = Gal{Ki/ K) and A(F) = 
Zp[A] (g)Zp A. Let L : A(F) — > A(F) denote the involution defined by L{g) = g~^, 5 € F. If 
r is a Zp-adic representation of Gk, then the induced module Indx^ /k{T) is isomorphic to 
(A(F) (8)Zp TY and we set 



RFi^(i^,r) = RF(iC,Ind^^/^(T)). 
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Write iJj^ {K, T) for the Iwasawa cohomology 

corK„/K„_i 

Recall that there are canonical and functorial isomorphisms 

WTiUK,T) ^HUK,T), OO, 

(see [N2], Proposition 8.4.22). The interpretation of the Iwasawa cohomology in terms of (i^, F)- 
modules was found by Fontaine (unpublished but see [CC2]). We give here the derived version of 
this result. Let : B ^ B be the operator defined by the formula (a;) = ^(p~^ (TrB/,p{-B){x)) . 
We see immediately that ip ocp = id. Moreover tp commutes with the action of Gk and ip{A'^) = 
A^. Consider the complexes 

Ciw,^(r) : D(T) ^D(r), 
Cl^^iT) : Dt(r)^Dt(T). 

Proposition 1.1.7. i) The complexes RFiw(i^, T), Civf,ii,{T) and ^{T) are naturally iso- 
morphic in the derived category 'D{A.{T)) of A(T) -modules. 

Proof. See Proposition A.7 and Corollary A.8. 

1.1.8. Finally, recall the computation of the cohomology of {cp, r)-modules of rank 1 following 
Colmez [C4] . As in [C4] , we consider the case K = Qp and put 71 = B and 7^+ = B . The 

differential operator d = (1 + 7r)— acts on TZ and 7^+. If 5 : Q* — > Q* is a continuous character, 

avr 

we write TZ{S) for the (99, F) -module TZes defined by ip{es) = S{p)es and 7(65) = S{x{t)) es- Let 
X denote the character induced by the natural inclusion of Qp in L and |x| the character defined 
by \x\ = p~'"p^^\ 

Proposition 1.1.9. Let S : Q* ^ Q* be a continuous character. Then: 
i) 



ii) 



otherwise. 



, f 2 if either 6(x) = x m ^ or d(x) = \x\x"^, k ^ 1, 

dimq {H'{n{S))) = i . 

l_ 1 otherwise. 

Hi) Assume that 5{x) = a;""*, m ^ 0. The classes cl(t™,0)e<5 and cl(0,t™)e<5 form a basis of 

iv) Assume that 5{x) = |a;|x™, m ^ 1. Then {TZ{\x\x'^)) ^ m'^ 1 is generated by c\{am) and 
cl(/?m) where 

(_-\)m-l /I 1 \ /II 

= + 2 • ") (1 - ^) « = (1 - X(7)7) {- + 5 
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Proof. See [C4], sections 2.3-2.5. 

1.2. Crystalline representations. 

1.2.1. The rings BcHs and BdR (see [Fl], [F4]). Let 9o ■ A+ Oc be the map given by 
the formula 

(CXD \ CXD 

n=0 / 11=0 

It can be shown that is a surjectivc ring homomorphism and that ker(0o) is the principal ideal 

P-i ., 

generated by w = ^ [e]*'^. By linearity, can be extended to a map 6 : B"*" — > C. The ring 
i=o 

•^dR defined to be the completion of B+ for the ker(^)-adic topology: 

B+j, = limB+/A;er(^)". 

n 

This is a complete discrete valuation ring with residue field C equipped with a natural action of 
Gk- Moreover, there exists a canonical embedding K c B^j^. The series t = (— l)"'~^7r"/n con- 

verges in the topology of B^-p^ and it is easy to sec that t generates the maximal ideal of B^j^. The 
Galois group acts on t by the formula g{t) = x{9)t- Let BdR = Bjj^[t~^] be the field of fractions 
of B^j^. This is a complete discrete valuation field equipped with a Gi^-action and an exhaustive 
separated decreasing filtration FiPBdR = As G^-module, FiPBdR/FiP+^BdR ^ C{i) and 

Consider the PD-envelope of A+ with a respect to the map 9o 



2! ' 3! ' n! ' 

and denote by A+j^ its p-adic completion. Let B+j^ = A+j^ Qp and BcHs = B+jJt"^]. Then 
Bcris is a subring of Bjr endowed with the induced filtration and Galois action. Moreover, it 
is equipped with a continuous Frobenius ip, extending the map (p : A+ — >■ A+. One has (p{t) = pt. 

1.2.2. Crystalline representations (see [F5], [Berl], [Ber2]). 
Let L be a finite extension of Qp. Denote by K its maximal unramified subextension. A filtered 
Dieudonne module over L is a finite dimensional K- vector space M equipped with the following 
structures: 

• a (7-semilinear bijective map cp : M ^ M; 

• an exhaustive decreasing filtration (FiVMl) on the L-vector space Ml = L 
A JC-linear map f : M — >■ M' is said to be a morphism of filtered modules if 
. f{ip{d)) = ip{f{d)), foralldGM; 

• /(FiPMi) C FiPM^, for all i £ Z. 

The category MF^ of filtered Dieudonne modules is additive, has kernels and cokernels but 
is not abelian. Denote by 1 the vector space Kq with the natural action of a and the filtration 
given by 

K, if i ^ 0, 
0, if i > 0. 

Then 1 is a unit object of MF^ i.e. M®l~l0M~Mfor any M. 

If M is a one dimensional Dieudonne module and d is a basis vector of M, then (p{d) = av for 
some a E K. Set tN{M) = Vp{a) and denote by tH{M) the unique filtration jump of M. If M is 



FiPl 
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d d 

of an arbitrary finite dimension d, set tt^{M) = tt^{/\M) and tniM) = tH{f\M). A Dieudonne 
module M is said to be weakly admissible if tniM) = tpf^M) and if tniM') ^ tN^M') for any 
(/?-submodule M' C M equipped with the induced filtration. Weakly admissible modules form a 
subcategory of MF^ which we denote by MF^'-'^. 

If F is a p-adic representation of Gl, define DdR(F) = (BdR V)'^^. Then DdR(l^) is a 
L-vector space equipped with the decreasing filtration FiPDdR(V^) = (FiPBjR <8) V)^^. One 
has dim^ D(jR(y) ^ dimQp(y) and V is said to be de Rham if dim£,DdR(l^) = dimQp(y). 
Analogously one defines Dcris(^) = (Bcris^V)^^ . Then Dcris(^) is a filtered Dieudonne module 
over L of dimension dim^ Deris (^) ^ dim(Qp(y) and V is said to be crystalline if the equality 
holds here. In particular, for crystalline representations one has DdR(V) = Deris (^) '^K L. By 
the theorem of Colmez-Fontaine [CF], the functor Deris establishes an equivalence between the 
category of crystalline representations of Gl and MF^'-^. Its quasi-inverse Vcris is given by 

Veris(i^) = FilO(D Beris)^=^ 

An important result of Berger ([Ber 1], Theorem 0.2) says that Deris (V") can be recovered from 
the r)-module T)l^^{V). The situation is particularly simple if If L/Qp is unramified. In this 
case set B+{V) = {V B+)^^ and Bf.^{V) = n+{K) 0^+ D+(V^). Then 



Deris(^) = ( Dtg(F) 



(see [Ber 2], Proposition 3.4). 



§2. The exponential map 
2.1. The Bloch-Kato exponential map ([BK], [Nl], [FP]). 

2.1.1. Let L be a finite extension of Qp. Recall that we denote by MF^ the category of filtered 
Dieudonne modules over L. If M is an object of MF^, define 

i7^(L,M)=Extj^p.(l,M), i = 0,l. 
Remark that H* (L, M) can be computed explicitly as the cohomology of the complex 

C"(M) : M {Ml /Fif Ml) ® M 

where the modules are placed in degrees and 1 and f{d) = {d (mod Fil^M^), (1 — ip) (d)) 
([N1],[FP]). Remark that if M is weakly admissible then each extension — > M ^ M' —y 1 ^ 
is weakly admissible too and we can write H'^{L, M) = Ext^p^,j(l, M). 

2.1.2. Let Reperis(GK) denote the category of crystalline representations of Gk- For any 
object V of RepcrisCGif) define 

H}{K, V) = Ext^,p^^^^(G^)(Q^(0), V). 

An easy computation shows that 

r if°(K,y), ifi = o, 

H}{K,V) = l ker{H\K,V)-^H^iK,V®B,,i,)), ifz = l, 
[ 0, if i ^ 2. 
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Let tv{K) = DdR(V)/Fil°DdR(V) denote the tangent space of V. The rings B^r and BcHs are 
related to each other via the fundamental exact sequence 

^ Qp -> Beds ^ BdR/Fil°BdR ® Beris ^ 

where f{x) = {x (mod Fil°BdR), (1 — ^) x) (see [BK], §4). Tensoring this sequence with V and 
taking cohomology one obtains an exact sequence 

^ H\K, V) ^ DeHs(^) ^ tv{K) © Dens(^) ^ H}{K, V) ^ 0. 

The last map of this sequence gives rise to the Bloch-Kato exponential map 

Following [F3] set 

KTf(K,V) = C"(DeHs(^)) = [T>crUV)^tv{K)®-D„UV) ■ 

From the classification of crystalline representations in terms of Dieudonne modules it follows 
that the functor Vcris induces natural isomorphisms 

r'y^p : WTf{K,V)^H}{K,V), i = 0,l. 

The composite homomorphism 

tKiV) © T>crUV) ^ R'Tf{K, V) ^ W{K, V) 

coincides with the Bloch-Kato exponential map expy^^ ([Nl], Proposition 1.21). 

2.1.3. Let g : B* C* he a morphism of complexes. We denote by Tot*(5') the complex 
Tot''(5) = © with differentials : Tof^ig) Tot"+i(5) defined by the formula 

d''{c,b) = ((-1)'^5"(6) + d'^-i(c),d"(6)). It is weU known that if A* 5* ^ C* -> is an 
exact sequence of complexes, then / induces a quasi isomorphism A' ^ Tot*{g). In particular, 
tensoring the fundamental exact sequence with V, we obtain an exact sequence of complexes 

^ Rr{K, V) C'{Gk, V Beris) ^ C:{Gk, {V (BdR/FilOBdR)) © (F Beds)) ^ 

which gives a quasi isomorphism Rr(if, V) ^ Tot*(/). Since IiTf{K, V) coincides tautologically 
with the complex 

C°(Gk, V B„is) ^ C^{Gk, {V © (BdR/F°BdR)) © (F © BcHs)) 
we obtain a diagram 

Rr(i^,F)— ^Tof(/) 



RTf{K,V) 
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which defines a morphism Krf{K,V) BT{K,V) in V{Qp) (see [BF], Proposition 1.17). Re- 
mark that the induced homomorphisms TVT f{K,V) H^{K,V) {i = 0,1) coincide with the 
composition of ry^ with natural embeddings Hj:{K, V) H^{K, V). 

2.1.4. In this subsection we define an analogue of the exponential map for crystalline (<^,r)- 
modules. Let K/Qp be an unramified extension. If D is a ((^, r)-module over Tl.{K) define 

V„,,{D) = {D[l/t\f . 

It can be shown that Peris (-D) is a finite dimensional i^- vector space equipped with a natural 
decreasing filtration FiP Peris (-D) and a semilinear action of ip. One says that D is crystalline if 

dimK{p^,,,{D)) = rg{D). 

(see [BC]). From [Ber4], Theorcmc A it follows that the functor D Dcris(-^-^) is an equivalence 
between the category of crystalline ((/?, r)-modules and MF^. Remark that if V is a ^>adic 
representation of Gk then Deris (V") = cris(Dj;g(V')) and V is crystalline if and only if Dj;g(V') 
is. 

Let D be a (v?, r)-module. To any cocycle a = (a, fe) € Z^{C^^^{D)) one can associate the 
extension 

O^D^Dc,^ n{K) 

defined by 

Da = Den{K)e, {(p-l)e = a, {-y - 1) e = b. 

As usually, this gives rise to an isomorphism H^{D) ~ Ext^(7^(ir), D). We say that c1(q;) is 
crystalline if dluiK {Pcvis{Da)) = dim^ (Pcris(-D)) + 1 and define 

H){D) = {c\{a) e H\D) I cl(a) is crystalline} 

(see [Ben2], section 1.4.1). If D is crystalline (or more generally potentially semistable ) one has 
a natural isomorphism 

Set to = f cris(-0)/Fil°f cris(-C>) and denote by exp^ : to ®T^cTis{D) — > H^{D) the composition 
of this isomorphism with the projection to © T^crisiD) H^{K,'Dciis{D)) and the embedding 
H}{D)-^H\D). 

2.1.5. Assume that K = Qp. To simplify notation we will write Dm for 1Z{\x\x'^) and Bm for 
its canonical basis. Then I'eris(^m) is the one dimensional Qp-vector space generated by t~^em- 
As in [Ben2], we normalize the basis {cl{am) , c^{Pm)) of H^{Dm) putting = (1 ~ 1/p) cl(am) 
and = (1 - 1/p) log(x(7)) cl(/3^). 

Proposition 2.1.6. i) Hj[Dm) is the one- dimensional Qp-vector space generated by a^- 
ii) The exponential map 

sends t~'^Wm to —a^- 

Proof. This is a reformulation of [Ben2], Proposition 1.5.8 ii). 
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2.2. The large exponential map. 

2.2.1. In this section p is an odd prime number, K is a finite unramified extension of Qp 
and a the absolute Frobenius acting on K. Recall that K„ = K{(p^) and K^o = U^^^Kn- 
We set r = Gal(is:oo/i^), r„ = Gal{Ko^/Kr^) and A = Gal{Ki/K) . Let yl = Zp[[Ti]] and 
A(r) = Zp[A] A. We will consider the following operators acting on the ring of formal 

power series with coefficients in K: 



The ring homomorphism a : K[[X]] K[[X]] defined by a ( ) = Xl'^^"')^*; 

The ring homomorphism : — > K[[X]] defined by 



^i=o / i=0 



J2 aiX^ = E ^(x) = (1 + xr - 1. 



\i=0 / i=0 

• The differential operator 9 = (1 + X)-^. One has d o (p = pipod. 

dX 



• The operator V : K[[X]] K[[X]] defined by i^{f{X)) = -(p'^ I ^ /((I + ^)C " 1) ) • 
It is easy to see that is a left inverse to (p, i.e. that il) o ip = id. 

(oo \ CXD 

E diX' ) = E a^liXy, l{X) = (1 + X)^(t) - 1. 

i=0 / i=0 

Remark that these formulas are compatible with the definitions from sections 1.1.1 and 1.1.6. 
Fix a generator 71 € Fi and define 

n = {/(71 - 1) I / e Qp[[X]] is holomorphic on B{0, 1)}, H(r) = Zp[A] H. 

2.2.2. It is well known that Zp[[X]]'^^° is a free A-module generated by (1 + X) and the 
operator d is bijective on Zp[[X]]'^=°. If V is a crystalline representation of Gk put ViV) = 
T^crUV) Zp[[X]]^=°. Let Hf.„ : V{V)rJ-l] ^ Rrj(ir„,F) be the map defined by 



P""(ELi(^ ® <^)-'a(Cp^ - 1), -«(0)) if n ^ 1, 
I^Ki/K (3^,i(a)) ifn = 0. 



An easy computation shows that S^q : Dcris(V')[— 1] IlTf{K, V) is given by the formula 

-v,o(«) = ^i-f~Ha),-{p-l)a). 
In particular, it is homotopic to the map a —(0, (1 —p~^ip~^) a). Write 

denote the homomorphism induced by 3y„. Then 

Sy,o(«) = -(0, (1 -p-V"') a) (mod D„is(V^)/l^''^). 
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If Deris (V')'''"''^ = the operator 1 — is invertible on Dcris(V') and we can write 

"t-.oC^) = °) ^""""^ Dens(^)/V''"). (2.1) 



Deris (V^) 
(l-pV)Dcris(V^) 



For any i € Z let Aj : "D^V) — >■ y:; 777^ <^ Qp(0 be the map given by 



Ai{a{X)) = d'a{0) ® e®* (mod (1 - pV)Dcris(^)). 

Set A = eigzAi. If a G ■D{V)'^=^, then by [PRl], Proposition 2.2.1 there exists F G Dcris(^)®Qp 
Qp[[X]] which converges on the open unit disk and such that (1 — ip)F = a. A short computation 
shows that 

Sf._„(a)=p-"(((7®(p)-"(F)(Cp™-l),0) (mod Deris (F)/y^-), if n ^ 1 
(see [BB], Lemme 4.9). 

2.2.3. As Zp[[X]] [l/p] is a principal ideal domain and H is Zp[[X]] [l/p]-torsion free, H is flat. 
Thus 

cL,4v) 7^(r) = cl^^iv) ®A«, n{T) = [n{r) ®a,^ n\v) ^ n{T) ®a«, Dt(y) 

By proposition 1.1.7 on has an isomorphism in VCHiT)) 

The action of n{T) on Dt(T/)^=i induces an injection n{r) ^a^^ B^V)^=^ ^ Djig(F)^=^ 
Composing this map with the canonical isomorphism H^^{K,V) c± D^(V')'^=^ we obtain a map 

n{T)0AQ^ Hl„{K, V) ^ Dtg(V')^=^ For any G Z set V k = td-k = t—-k. An easy induction 

shows that Vfe-i o Vk-2 o • • • o Vo = t^d^. 

Fix ^ ^ 1 such that Fil-''Deris(V) = Deris(^) and V{-h)^^ = 0. For any a G D(V)^=° 
define 

^'y^^{a) = (-l)'^-ii^il(2llv^_ioV^_2 0-..Vo(F(7r)), 

where F G n{V) is such that {l-f)F = a. It is easy to see that ^v^uioi) G D;tg(y)V'=i. 
[Ber3] Berger shows that Vtyf^{a) G "^(F) ®Aq^ D'^(V')'^=^ and therefore gives rise to a map 

Exp^^,, : D(y)^=0[-i] ^ m:,^{K,v) h{v) 

Let 

Expf.,, : D(l/)^=o ^ H{T) HI{K,V) 

denote the map induced by Expy^ in degree 1. The following theorem is a reformulation of the 
construction of the large exponential map given by Berger in [BerS] . 
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Theorem 2.2.4. Let 

Expl.^^^^ : V{V)^=^[-l]-^RT,UK,V)^X^<Q,[G^]. 

denote the map induced by Expy^. Then for any n ^ the following diagram in 'D{Qp[Gn\) is 
commutative: 

"V,Tl — 

RTf{K^, V) ^ BTiKr,, V) . 

In particular, Expy ^ coincides with the large exponential map of Perrin-Riou. 
Proof. Passing to cohomology in the previous diagram one obtains the diagram 

A=o ^^r^ ^^^^ HlJK, V) 

^dR/KAV) ® Deris (^) HHK„,V) 

which is exactly the definition of the large exponential map. Its commutativity is proved in 
[Ber3], Theorem 11.13. Now, the theorem is an immediate consequence of the following remark. 
Let D be a free 74-module and let /i,/2 : ^[—1] K* be two maps from 1] to a complex 
of A-modules such that the induced maps h\{f\) and h{f2) ■ D —>■ H^{K*) coincide. Then /i 
and /2 are homotopic. 



§3. The ^-invariant 
3.1. Definition of the vC-invariant ([Ben2]). 

3.1.1. In this section we recall the definition of the /^-invariant for the case of crystalline 
representations. For further details and proofs see [Ben2], §2. Let 5 be a finite set of primes of Q 
containing p and Gs the Galois group of the maximal algebraic extension of Q unramified outside 
S U {oo}. For each place v we denote by Gy the decomposition at v group and by ly and fy the 
inertia subgroup and Frobenius automorphism respectively. Let F be a ;>-adic pseudo-geometric 
representation of Gs- Thus F is a de Rham at p. For any v ^ {p, oo} set 



Rr/(Q„y) 



ylv J_Jji^ yl^ 



where the terms are placed in degrees and 1 (see [F3], [BF]). Observe that there is a natural 
quasi-isomorphism Rr/(Q^,y) - C*{G^/I^,V^-). In particular, R°r(Q^,y) = iJ°(Q^,y) and 
Rir/(Q„F) = H}{Q,,V) where 

F)(Q„,F) = ker(iTi(Q„y) ^ H\^^\V)). 

For V = p the complex Rr/(Q^,V') was defined in section 2.1.2. To simplify notation write 
iJ|(F) = W{Gs, V). The Selmer group of V is defined by 
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3.1.2. Assume that V satisfies the following conditions: 

CI) H}{V) = H}{V*{1)) = 0. 
C2)HUV) = H^siV*{l)) = 0. 

C3) V is crystalline at p, Dcris(^)'^~''^ = and the linear map I —p ^ip ^ : DcrisCl^) 
Deris (^) is scmisimplc. 

C4) The r)-module Dtg(F) has no crystalline subquotient of the form 

TZ{\ X \ x'') U TZ 0, k^l. 

Write c for the complex conjugation and set d±{V) = dim(y^^^"^). From the Poitou-Tate 
exact sequence it follows that dimQ^ tv{Qp) = We say that a Qp-subspace D C Deris (^^) 

is admissible if it is stable under ip and the natural projection D tv{Qp) is an isomorphism. 

3.1.3. Let D be an admissible subspace of Dcris(^)- As 1 — p~^ip~^ acts semisimply, one 
has a decomposition D D_i © D¥'=p where D_i = — p~^) D is stable under ^p and 
{D_iY=P'^ = 0. Consider the fihration (A) on Deris(^) defined by 



f if z = -2, 

ifi = -l, 
D if i = 0, 

L Deris (F) ifi = l. 



By Berger's theory [Ber4] (Dj) induces a filtration on Dj;g(y): 

C F_iDjjg(F) c FoDj;g(y) c FiDjjg(F) = Ji\,^{V). 

Explicitcly FiDjig(F) = Dtg(F) n (A 7^ [1/t]) ([EC], section 2.4.2). Set gr,Djig(F) = 
FiDtg(F)/Fi_iDjig(y). By [Ben2], Corollary 1.4.6 the exact sequence 

^ FoDj;g(y) ^ Dj;g(y) ^ griDj.g(y) ^ 
gives rise to exact sequences 

• • • ^ H\^j^l,^{y)) ^ iJi(FoDj;g(y)) ^ H'{pl,^{y)) ^ iJi(griDj,g(y)) ^ • • • 

and 

■ ■ • ^ i/°(gr,Dj,g(y)) //)(FoDjig(F)) ^ H}{J^l,^{V)) H){gTj^l,^{V)) ^ 

The condition C3) implies that X>cris(griDj;g(V))'''^^ = 0. Since D is admissible, the Hodge- 

Tate weights of gr]^Djjg(y) are ^ and by Proposition 1.4.4 of [Ben2] /f''(gr^Djjg(y)) = and 

F)(griDtg(F)) = 0. This shows that {FoD\.^{y)) injects into H^{Ti\.^{V)) ~ H^{%, V) and 
that 

H}{FoJ^l,^{V)) ^ i/;(Dj,g(y)) H}{%,V). 
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Now, consider the short exact sequence 

^ F_,-Dl,^{V) ^ FoT>l^{V) ^ groDj;g(F) ^ 0. 

Since V„i,{F_i'Dl^^{V)y=P~' = and Hodgc-Tatc weights of F_iDjig(y) are > we have 

H}{F_,-dI,^{V)) = i^i(F_iDjig(y)) by [Ben2], Proposition 1.4.4. As vJu{F-iBl,^{V)r{x)) is 

dual to Dcris(i^-iDtg(y)), the map 1 - (/j is bijective on I?cris((i^-iDjig(y))*(x)) and 

jy°((F_iDtg(y))*(x)) = 0. Using the local duality [Li] we obtain that iJ2(F_iDjig(y)) = 0. 

Finally 'Dcris(groDHg(V))'^=^ = implies that iJ°(groDjig(y)) = 0. Thus we have exact se- 
quences 

^ H\F.,Bl^{V)) H\Fonl,^{V)) Fi(groDjig(y)) 0, 
-> i?i(F_iDj.g(y)) if)(FoDj;g(y)) if)(groDj.g(y)) 0. 



Therefore 



and 



m{F_^j^l.{v)) miF_^T>l.{v)) 



-.g(V^)) 

As I>cris(groDtg(y))'^=P"' = Dcris(groDtg(F)), Proposition 1.5.9 of [Ben2] implies that 

groDji (F) ~ d Z^™, , e = dim^^ (L>'^=f ) 

where = T^-dxIx"*'), nii ^ 1. By Proposition 2.1.6 Hj{Dm) is generated by a'^ and we 
denote by Hl^D^) the subspace generated by /3^. This gives a decomposition 

JTi(groDjig(y)) i7)(groDj,g(y)) i7,i(groDtg(y)). 

In particular, H}{gTQT>l.^{V)) and ifi(groDtg(y)) are Qp-vector spaces of dimension e. Further, 
fixing the basis aJ^,/3^ of H^{Dm) we fixe isomorphisms 

iD,f : I>cHs(groDtg(y)) ^ jy)(groDjig(y)), z^,,, : Deris(groDtg(y)) ^ F](groDj.g(y)). 

The condition CI) together with the Poitou-Tate exact sequence implies that 

Let Hg(D,V) be the subspace of Hg{V) whose image under this isomorphism is 
H\FoBl^{V))/H}{qj,,V). The localization map H^s{D,V) ^ is injective 
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and its image is contained in iJ-'^(groDj- (V)). Hence, we have a diagram 



PD.f PDJ 



PD,c 



Pcris(groDjig(y)) ifi(groDji^(y)), 



rigv 



where p^j and p^^c are defined as the unique maps making this diagram commute. Prom the 
definition of Hg{D, V) it follows that pd,c is an isomorphism. 

Definition 3.1.4. The determinant 

£{V,D) = det [pDjop-]^ I I?eris(groDlig(F))) 

will be called the C-invariant associated to V and D. 
3.2. The Bockstein homomorphism. 

3.2.1. In this section we interpret C{D, V) in terms of the Bockstein homomorphism associated 
to the large exponential map. This interpretation is crucial for the proof of the main theorem of 
this paper. Recah that H'^{%,n{T) (g)Q^ V) = n(T) (g>^r) H^^iQp, V) injects into Dtg(y). Set 

FiH\Qp,n{T) V) = FiT>l,^{V) n H\qp,n{T) V). 
As in section 2.2 we fix a generator 7 G F. 

Proposition 3.2.2. Let D be an admissible subspace of Dcris(V'). For any a G D'^^p ^ let 
a G T^lV) be such that a{0) = a. Then 

i) There exists a unique j3 G FqH"^ {Qp^TiiV) (B) V) such that 

ii) The composition map 

SD,h ■ D^=P~' ^FoH'{qp,niT)®V)^H\groT>l,^iV)) 
SdA^) = P (mod jy^F.iDj. (y))) 



is given explicitly by the following formula: 



SdA^) = -{h-iy (logx(7))-'^Ac(«)- 
Proof. Since Dcris(V')'''^^ = 0, the operator 1 — </? is invertible on Dcris(V') and we have a diagram 



V{V) 



A=0 
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where Sf.o(a) = ^ «(0) (see (2.1)). If a € D'fi=P'' O Z„[[X]]^=°, then Hf.o(a) = 

1 - 

and pry (^Expf,^(a)j = 0. On the other hand, as Dcris(l^)'^"^ = 0, we have F*^^ = 
and the map (Ti{r) <Siaq^ -^iw(Qp'^)) ~^ H^iQp^V) is injective. Thus there exists a unique 
^ G H(r) (8)A Hl^{Qp,T) such that Expf.^(Q;) = (7 - 1) /3. Now take a G Dv=p-' and set 



f = a®l 



(1 + X)x(t) - 1 



1, (j^ 



where Hg) = - log , . . An easy computation shows that 

/ CX(7)(1 + X)X(7)-1 \ ^ 

C(i + ^)-i ) 

Thus / G D'f=P~^ ® 'Lp[[X]Y'=^. Write a in the form a = (1 - (1 - 7) (a ® log(X)). Then 
^y,,[a) = (-l)-^l^^t'^an(7-l)(alog(.)) = i^i^(7-l)/? 

where 

/3 = (-l)'^-4'^5'^(alog(7r)) = {-lf-^at''d^-^ 

It implies immediately that (5 G FoDjig(y). On the other hand Dv=p"' = Pcris(groDjig(F)). 
Write a for the image of a in groDjjg(y) [1/t] and for the canonical base of Dj^. Since 

groD^ (y) ~ © Dm,, without lost of generahty we may assume that a = t~"^*emi for some i. 

1=1 

Let /3 be the image of (3 in groDjig(y)'^=i and let hi : groDtg(y)^=i H\gToJ:>l^^iV)) be 
the canonical map furnished by Proposition 1.1.7. Recall that hl{f3) = cl(c, j3) where (1 — 7) c = 
(1 - ip)p. Then p = (-l)''-!*''-™*^'' log(7r). By Lemma 1.5.1 of [CCl] there exists a unique 
bo G B^'^=° such that (7 - 1) 60 = i{X). This implies that 

(l-7)(t'^-'"'5%e„J = (l-<^)(t'^— '5Mog(7r)e„J = - ip) p. 

Thus c = {-if-H^-'^'dHoemi and res(ci™*-Mi) = (-l)''-ires(i''-^a''6odt) = 0. Next 
from the congruence (3 = {h — l)!t~"*^em, (mod Qp[[vr]]emJ- it follows that res{Pt"^*~^ dt) = 
{h — 1)! e^i- Therefore by [Ben2], Corollary 1.5.6 we have 

cl(c,/3) = ih-iy.cl{Pm) = (^-l)!i^^Vo(D:,(v))>)- 



On the other hand 

■(1 + X)>^(t) - 1 



a{0) = a<^e 



X 



x=o 



" ( 1 " ^ ) log(x(7))- 
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Theses formulas imply that 



1 



gro(Djig(V)),c 



(a). 



and the proposition is proved. 
3.2.3. Define 

Prom the definition of Hg(D, V) we immediately obtain isomorphisms 



V) 



Thus, the map SD,h constructed in Proposition 3.3.2 induces a map 



g^(groDt.^(y)) 
Hh{D,V) 



Dv=p 



which we will denote again by On the other hand, we have isomorphisms 



m 



V) 



Proposition 3.2.4. Let Xd : D'^=p 
gram 



ewv,QAD-i) ifi(F_iDj.g(y)) Hj^^^^{V) + m{F_^-Dl,^{V)y 

—1 —1 

D^-p denote the homomorphism making the dia- 



£)V=P 



(h-iy.expy 



commute. Then 



det 



(^Xd\D'^=p-') = (logx(7))-^ (l - -) C{D,V). 



Proof. The proposition follows from Proposition 2.1.6, Proposition 3.2.2 and the following ele- 
mentary fact. Let U = Ui ®U2 he the decomposition of a vector space U of dimension 2e into 
the direct sum of two subspaces of dimension e. Let W C C/ be a subspace of dimension e such 
that W nUi = {0}. Consider the diagrams 



u/w- 



Ui 



P2 





where pk and ik are induced by natural projections and inclusions. Then / = —g. Applying this 
remark to ?7 = H\gToT>y^{V)) , W = Hl{D,V), U, = if)(groD^.g(y)), U2 = Ht{gToJ^l,^{V)) 
and taking determinants we obtain the proposition. 
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§4. Special values of ^adic -L-functions 

4.1. The Bloch-Kato conjecture (see [F3], [FP],[BF]). _ 

4.1.1. Let F be a ^adic pseudo-geometric representation of Gal(Q/Q). Thus y is a finite- 
dimensional Qp-vector space equipped with a continuous action of tlic Galois group Gs for a 
suitable finite set of places S containing p. Write Rr5(y) = C*{Gs, V) and define 



,iV) = cone (KTs(y) Rr(Q„ V)] [-1]. 

V t;eSU{cx)} / 



Fix a Zp-lattice T of V stable under the action of Gs and set As{V) = detQ^HT s,c{V) and 
As{T) = dct^^TlT s.c{T)- Then As{T) is a Zp-latticc of the one-dimensional Qp-vector space 
As{V) which does not depend on the choice of T. Therefore it defines a p-adic norm on As{V) 
which we denote by || • ||s. Moreother, {As{V), \\ ■ \\s) does not depend on the choice of S. More 
precisely, if S is a finite set of places which contains S, then there exists a natural isomorphism 
As{V) A^{V) such that || • ||s = || ■ \\s- It allows to define the Euler-Poincare line Aep(V^) 
as {As{V), II • \\s) where S is sufficiently large. Recall that for any finite place v E S we defined 



Rrj(Q,,F) = <^ 



yiv 



I ^~fv tri 



if w 7^ p 
if V = p. 



At w = oo we set Rrj(M, = [V~^ — > 0] , where the first term is placed in degree 0. Thus 
Rrj(R, F) ^ Rr(R, F). For any v we have a canonical morphism locp : Rr/(Q^,y) 
Rr(Q^, V) which can be viewed as a local condition in the sense of [N2]. Consider the diagram 



RTsiV) 



?;eS'U{oo} 



Rr(Q„F) 



e Rr/(Q„,F) 

veSLi{(x>} 



and define 



IiTf{V) = cone(liTs{V)®( Rr/(Q„V^)^^ Rr(Q„, y)^ [-1]. 

\ \i;eS'u{c»} / t)esu{oo} / 

Thus, we have a distinguished triangle 

KTf{V)^KTsiV)(B( Rrj(Q„,y)^ ^ Rr(Q„,y). (4.1) 

\?;eSU{oo} / veSU{oo} 

Set 

Af{V) = detQ;Rr/(y) det^HviQp) detQ^F+. 

It is easy to see that Rr/(F) and Af{V) do not depend on the choice of S. Consider the 
distinguished triangle 

Rrs,c(v) ^ Rr/(v) ^ Rrj(Q„, v). 

veSU{oo} 
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Since detQpRr/(Qp, V) ~ detqHviQp) and detQpRr/(R, F) = detQ^V~^ tautologically, we ob- 
tain canonical isomorphisms 

A/(y) ~ detQ;Rr5,c(l^) ^ Aep(V). 
The cohomology of Rrj(y) is as follow: 

K''Tf{V) = HUV), K'rf{V) = H}{V), K^T f{V) Hj {¥*{!))* , 

K^TfiV) = coker (^HUV) ^©^//'(Q„, F)^ ~ H^V^l))*. 
These groups seat in the following exact sequence: 

Hl{V) ® H\Q,, V) R'r/(y) ^ 0. 



(4.2) 



The L-function of V is defined as the Euler product 

L{V,s) = YlE,{V,{N 



V 



-s\-l 



where , ^ , 

r det(l-/^t|y^-) , ifu/p 

Ev{V,t) - I (1 _ I Deris(V^)) iiv=p. 

4.1.2. In this paper we treat motives in the formal sense and assume all conjectures about the 
category of mixed motives MM over Q which are necessary to state the Bloch-Kato conjecture 
(see [F3], [FP]). If M is a pure motive over Q we denote by its t;-adic realizations. Assume 
that the groups W{M) = Ext^_;^(Q(0), M) are well defined and vanish for i 7^ 0, 1. It should 
be possible to define a Q-subspace Hj{M) of H^{M) consisting of "integral" classes of extensions 
which is expected to be finite dimensional. It is convenient to set H^{M) = H^{M). Then we 
assume that for any finite place v the regulator map induces isomorphisms 

H){M)®Q%^H){M,), z = 0,l. (4.3) 

Let M be a motive satisfying the following condition 

M) iJ)(M) = i7)(M*(l)) for i = 0, 1. 

Let MdR and Mb denote the de Rham and the Betti realizations of M respectively and let 
^m(Q) = -MdR/Fil°MdR be the tangent space of M. The complex conjugation c acts on Mb and 
Mb = Mg ® Mg . The comparision isomorphism Mb ®q M ^ M^r ®q M induces a map 

M+®QM^iM(M) 

which is expected to be an isomorphism. Assuming this, we can define a natural injective map 



fioo : det^jHiwCQ) <8)detQM] 



Fix u)t G detQtM(Q) and wb £ detQMg and set ^ooi^t^^B) = ^ooi'^t ^ ® '^b)- 

It is conjectured that the L-function L{My, s) does not depend of v. It will be denoted by L{M, s) 
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Conjecture (Deligne). Let M be a motive satisfying M). Then 

L(M,0) 

4.1.3. Let p be a prime number and let Mp denote the p-adic realization of M. Prom M) and 
(4.3) it follows that H°{Mp) = H°{M;{1)) = and Hj{Mp) = Hj{Mp{l)) = 0. Hence KTf{Mp) 
is acyclic. Fix Ut and lob and define a map 

iuj,,u;u,p ■■ Aep(Mp) ^ detQltuiQp) ® detQ^M+ Qp 

hy X = iujt,ujB,p{x) {uif^ 'Siu^b)- The Bloch-Kato conjecture states as follow: 

Conjecture (Bloch-Kato). Let Tp be a Zp-lattice of Mp stable under the action of Gs- Then 

(A (T\\- J^^^l23_7 
V,WB,pl^EPUpj; - -F, — 777T7T P' 

4.2. The complex Rr£°j^(D,y). 

4.2.1. Let r denote the Galois group of Q(Cp<-)/Q and r„ = Gal(Q(Cpoc)/Q((pn)). Set A = 
Zp[[ri]] and A(r) = Zp[A] (g)z^ A. For any character r? G X(A) put 

' ' geA 

Then A(r) = © A(r)('') where A(r)('') = Ae„ and for any A(r)-module M one has a canonical 

r,eX{A) 

decomposition 

M ~ ©^ex(A)M(''), M('') = e^(M). 
We write r/o for the trivial character of A and identify A with A(r)e^o. 

Let y be a p-adic pseudo-geometric representation unramified outside S. Set diV) = dim(V) and 
d±{V) = dim(y^==ti). Fix a Zp-latticeT of y stable under the action of G5. Let i . ^ A(r) 

denote the canonical involution g 1-^ g~^. Recall that the induced module IndQ(^ ^yQ{T) is 
isomorphic to (A(r) (g)^^ T)' ([N2], section 8.1). Define 

Hl^siT) = iyM(A(r)®z,r)^), 

HiJQv,T) = W{q,, (A(r) TY) for any finite place v. 
From Shapiro's lemma it follows immediately that 

Hl^siT) = limiJ|(Q(Cpn),r), HUQp^T) = W{Qp{Cpr.),T). 

cores cores 

Set Hf^siV) = Hi^siT) % and Hi^{Q,,V) = HiJq,,T) Qp. In [PR2] Perrin-Riou 
proved the following results about the structure of these modules. 
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i) HlA'^) = and Hliq,,T) = Hi ^1,2; 

ii) If V ^ p, then for each rj E X{A) the ry-component Hl^{Qy,T)^^^ is a finitely generated 
torsion A-module. In particular, Hl^{Q^,T) ~ H^iQ^'/Q^, (A(r) T^")'). 

iii) If ^; = p then H^^{Qp,T)^^^ are finitely generated torsion A-modules. Moreover, for each 
T] G X{A) 

rgA (Fii^(Q„r)(^)) = d, HUQ„T)[2l H'{q,iCp^),T)^^\ 
Remark that by local duality Hf^{Qp,T) ~ i^O(Qp(Cp»), l^*(l)/T*(l)). 

iv) If the weak Leopoldt conjecture holds for the pair (V, r?) i.e. if Hg(<Q{(poo),V/T)'-'^^ = 
then i/j^^ g(T)('') is A-torsion and 



rankA ^Hl^^siT)^^^) 



d-{V), ifr?(c) = l 
d+iV), ifr/(c) = -l. 



Passing to the projective limit in the Poitou-Tate exact sequence one obtains an exact sequence 



ves 



Hl,siT) ^ ®Hl{Q,,T) ^ J7g(Q(Cp»),F*(l)/r*(l))^ ^ 0. (4.4) 

VE.S 



Define 



Kr,^,siT) = c:{Gs,{A{r)^z,Ty), 
Rri^(Q.,r) = C'(G„(A(r)®z,T)^), 

BTsmCp^),V*{l)/T*{l)) = C:(G5,Homz^(A(r),F*(l)/r*(l))). 
Then the sequence (4.3) is induced by the distinguished triangle 

Rri^,s(r) ^ e Rri^(Q„r) ^ (Rr5(Q(Cp-),'t^*(i)/r*(i))^)^ [-2] 

([N2], Theorem 8.5.6). Finally, we have usual descent formulas 

Rriw,s(r) Zp ~ Rrs(r), tiTiUQv,t) ®^ Zp ~ Rr(Q„r) 

( [N2], Proposition 8.4.21). 

4.2.2. For the remainder of this chapter we assume that V satisfies the conditions Cl-5) of 
section 3.1.2 where C2) is replaced by the following stronger condition 

C2*) H^iQp, V) = H%Qp, V*{1)) = 0. 

Remark that CI) and C2*) guarantee that the weak Leopoldt conjecture holds for (F, r/o) and 
(y*(l),?7o) ( Proposition B.5 of [PR2]). To simplify notations we write H for ■^(ri). In this 
subsection we interpret Perrin-Riou's construction of the module of p-adic L-functions in terms 
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of [N2]. Fix an admissible subspace D of Dcris(V) and a Zp-lattice N of D. Set Vp{N,T)'<'">^ 

N®^^K, Rri;';}(Qp,iv,r) = pp(iv,r)(^o)[-i] andRr£';}(Qp,L>,y) = Rr£';}(Qp,iv,r)®z^{ 

Consider the map 



^^vv,h ■■ Rr;;';}(Qp, t)®aH^ Rri;°^(Qp, r) ®^ 



('70), 



which will be viewed as a local condition at p. li v ^ p the inertia group acts trivially on A 

set 



Rri;';}(Q„iv,r) 



T^" (g) A' 



where the first term is placed in degree 0. We have a commutative diagram 



(4.5) 



ves 



Consider the associated Selmer complex 

RT[:i{D,v) = 



cone 



Rr 



Iw,S 



(T) 



ves 



H 



ues 



Rr 



(»7o)/ 

iw y 



H 



It is easy to see that it does not depend on the choice of S. Our main result about this complex 
is the following theorem. 

Theorem 4.2.3. Assume that V satisfies the conditions Cl-5). Let D he an admissible subspace 
o/ Deris (V). Assume that C{V,D) 7^ 0. Then 

i) ICTj^\{D, V) are H-torsion modules for all i. 
a) K'r[l°l{D, V) = fori 2,3 and 



ivo) 



Hi) The complex Rr|^°]^(L', F) is semisimple i.e. for each i the natural map 



is an isomorphism. 



4.2.4. Proof of Proposition 4.2.3. We leave the proof of the following lemma as an easy 
exercise. 

Lemma 4.2.4.1. Let A and B he two suhmodules of a finitely generated free Tl-module M. 
Assume that the natural maps Ar^ — > Mp^ and By^ — >■ Mp^ are both injective. Then ni^Pi = 
{0} implies that AnB = {0}. 
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4.2.4.2. Since H^^ g(y) and H^^{Q^,V) are zero, we have K^r\l°l{D,V) = 0. Next, by defini- 
tion Ririw,/,(D, F)(''o) = ker(/) where 

\ ves-{p} J ves 

is the map induced by (4.5). If u G S" — {p} one has 

Thus 

inJfi^(Qp,r)('?'') 0aH. Put 

By Theorem 2.2.4 and Proposition 3.2.2 injects into H'^{Qp,V). The W-module M = 

(^^^^Y^^j ®A W is free and A ^ M. Since r^«f = by C2*), one has Mr, = 
Hl^{Qp,V)r C i?^(Qp, y) and we obtain that injects into Mr,. 

Set i? = I — ^^Hq — ) weak Leopoldt conjecture for {V*{l),r]o) together with 

the fact that Hj^ (Q„ , T) are A-torsion for v ^ S — {p} imply that B >— > M. Since the image of 
Hi^{Qv,V)T in H\Q^,V) is contained in Hj{Q^,V), the image of -ffiV,s(^)r in -ffs(V) is in 
fact contained in 

\ ves-{p} J 

Because Hj{V) = 0, the group Hj ^pyiV) injects into H^{Qp, V) and we have 

Thus C Afpi- We shall prove that R^Pj^ ,^(^0) (-D, = 0. By Lemma 4.2.4.1 it suffices to 
show that Ar^ n Br^ = {0}. Now we claim that Ar^ n Hj ^pyiV) = {0}. First remark that 



rigv 

On the other hand, from Theorem 2.2.4 it follows that 

Expf.,,p_i H)r, = exp^,Q^p_i) c H' {F_^■Dl,^iV)) . 

Therefore, Proposition 3.2.2 implies that the image of Ar, in — ^ (Qpi^) coincides with 

H^{F.^nl^{V)) 

JTi(groDtg(y)). But £{D, V)^0 if and only if ff^lL*, V)nHl{gToT>l,^{V)) = where H^D, V) 



TRIVIAL ZEROS 25 

denotes the inverse image of iJ^(groDj;g(V)) in Hj ^py{V)- This proves the claim and imphes that 

K'r[liiD,v) = o. 

4.2.4.3. We shall show that R^r|^°|j(D, F) is H-torsion. By definition, we have an exact 
sequence 

^ coker(/) ^ R'rtliD, V) ^ Ul\^^siV)^^°'' ®Ao, n ^ 0, (4.6) 

where 

niL,s(^) = ker (^Hl^siV) ^ JI^HI{Q,,V)^ . 

It follows from the weak Leopoldt conjecture that IIIj^ ^(F) is AQ^-torsion. On the other hand, 
as H is a Bezout ring [La], the formulas 

vs.nkAHl^siT)^""'^ = d-iV), rankAFii^(Qp,r)(''°) = d{V), rankA^p (TV, T) = 

together with the fact that R}t[1"\{D,V) = imply that cokcr(/) is H-t orsion. Wc have 
therefore proved that R'^Ti^^h{D,V) is "H-torsion. Finally, the Poitou-Tate exact sequence gives 
that 

is also Ti-torsion. The proposition is proved. 

4.2.4.4. Now we prove the semisimplicity of Rr|^"]^(D, F). First, remark that C2*) im- 
plies that Hl{Qp,Vf = and Hl{Qp,V)r = HHQp,V). Next, Hl^s{V)^^-^ ~ A^;^^) 
HL,si^)to"J- Since Hlsiy)tor C F^^^, we have {Hl^siy)tor)r = by the snake lemma. 
Thus dimQ^ Hl^^siy)rf = d-{V). On the other hand dimQ^ -^/.{p}!^) = dimQ^ H^QpX) - 
dimQ^ty = d-{V). Since Hl^s{V)'^f injects into -?^/,{p}(^) this proves that Hl^^s{V)pf = 

{p}(^)- Consider the exact sequence 

^ (^iw,s(r)^''°^ © Pp(Af,r)(''°)) ^n^ ifi\,(Qp,r)(^°) ^n^ coker(/) ^ o. 

Recall that Expy^Q : D — > H^^{Qp,V)r denotes the homomorphism induced by the large 
exponential map. Applying the snake lemma, and taking into account that Im(Expy^Q) = 
exp^Q^ (£>_!) = H^iF^iTtl-^iV)) and ker(Exp|,;^ „) = (see for example [BB], Proposi- 

tions 4.17 and 4.18 or the proof of Proposition 3.3.2) we obtain 

coker(/)r^ = ker (^Hl^^^iV) D -^^^ H^Q^, V)j = L>^=^"\ 
coker(/)ri 



Thus on has a commutative diagram 

coker(/)'^i > £)v=p-' 



coker(/)ri 
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where horizontal arrows are isomorphisms and the left vertical arrow is the natural projection. 
From Proposition 3.2.4 it follows that coker(/)'"^ — > coker(/)ri is an isomorphism if and only if 

On the other hand, the arguments [PR2], section 3.3.4 show that nij^ 5(F)r = LQi^ cj(y)^ = 0. 

Remark that Perrin-Riou assumes that ^crisiY)'^^^ = Deris (V')'''^^ = 0, but her proof works 
in our case without modifications and we repeat it for the commodity of the reader. Consider 
the following commutative diagram 



(jy|(Q(Cp^),y*(i))*), 



m 



(^)l 



-^0 







© H}{q,,V)(BH\Qp,V) 

ves-{p} ■' 

The top row of this diagram is obtained by taking coinvariants in the Poitou-Tate exact sequence. 
Thus it is exact. The bottom row is obtained from the exact sequence 

H\q,,v*{i)) 



ves-{p} 



by taking duals. Thus, it is an exact sequence too. Since Hl^{Qp,V)r = H^{Qp,V) and 
Hi^{Qv,V)r = Hj{Qv,V) the left vertical map is an isomorphism. The right vertical map 
seats in the exact sequence 

0^{HUQ{Cp-),V*{l))%^HUV*{l)r - {Hl{Q{Cp^),Vrf -.0 

(see [PR21, formula (1.4)). The isomorphism H°(Qp(Coo),V) ~ © V(-k)^'^p (k) together with 

feez 

the fact that V^'^'p = implies that Hg{Q{(^po<:),V) = and the right vertical arrow of the dia- 
gram is an isomorphism too. This proves that III 5(y)r = 0. Finally, from dimQ^UI g 
dimQpIIIi^ 5(y)r it follows that 'ni\^ g{V)^ = 0. Therefore, applying the snake lemma to (4.6) 
we obtain a commutative diagram 

coker(/)'" — 



coker(/)r ^R^r[l°^^{D,V)r, 

in which the horizontal arrows are isomorphisms and the vertical arrows are natural projections. 
This proves that Rr|^°]j(L', F) is semisimple in degree 2. Remark that the semisimpHcity in 



K^r[l"l{D,V)r = 0. This completes the 



degree 3 is obvious because by ii) K^r[l°l{D,vy 
proof of Theorem 4.2.3. 

Corollary 4.2.5. The exponential map induces an isomorphism of D'^^p ^ onto coker(/)r 
K'^ril°l{D,V)r and the diagram 



(ft— 1)! expy 



-R2r£°i(i^,F)r 
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in which the map Xd is defined in Proposition 3.2.4, commutes. 



4.3. The module of p-adic L-functions. 

4.3.1. We conserve the notation and conventions of section 4.2. Let D be an admissible subspace 
of Dcris(^) and assume that C{V,D) ^ 0. We review the definition of the module of j3-adic L- 
functions using the formalism of Selmer complexes. Set 

a,^,h{d,v) = det^^ (Rr£°i(v^)© Rrg(Q.,^,^))) ®detA«^ ( ©^Rrir^(Q.,v^) 

The exact triangle 



\ \ves '■' 



gives an isomorphism Ai^^hiD,V) '^Aq^ T~(- — det^"'^Rr|^°^(L', F). Let /C denote the field of 
fractions of H. By Theorem 4.2.3, all Rt£°^(D, V) are 7Y-torsion and we have a canonical map. 

ie{2,3} 

The composition of these maps gives a trivialization iv,iw,h '■ ^iw,h{D, V) — > /C. Fix a Zp -lattice 
N of D and set 

Aiw,/.(iV,r) = detx' (RrlZ'l^lT) © (^^©^Rrj;°}(Q.,iV,r)j j ® detA (^jiRr[l"\Q.,T) 

Perrin-Riou [PR2] defined the module of p-adic L-functions associated to {N, T) as 

^t"i{N,T) = iv,i^,h (Ai^,/.(iV,r)) c /c. 
Fix a generator /(71 — 1) of l|^°]^(A^, T) and define a meromorphic j3-adic function 

L,^,HiT,N,s) = fixhy-l). 

Let cjjv be a generator of detzp(7V). The isomorphism D ~ tv{Qp) allows us to consider a; at 

as a basis of dctiQ^ty (Qp) . We also fix a generator lot of detzpr+ and define the ^>adic period 
Qp{iON,ujT) € Qp by cub = ^p{^^t,^b)^t- Now we can state the main result of this paper. 

Theorem 4.3.2. Assvme that a pseudo-geometric representation V satisfies Cl-5). Let D be 
an admissible subspace o/Dcris(^)- Fix a Gq-stable lattice TofV and a lattice N of D. Assume 
that C{D, V) ^ 0. Then 

i) Li^^h{T,N,s) is a meromorphic p-adic function which has a zero at s = of order e = 

a) Let Lj^ ^(T, N, 0) = lim^^o s '^Li^^^iT, N, s) be the special value of Li^^h{T, N, s) at s = 0. 
Then 
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where Ep{V,t) = E;{V,t) (^1 - andr{h) = (/i- 1)!. 
4.3.3. Proof of Theorem 4.3.2. 

4.3.3.1. First recall the formalism of Iwasawa descent which will be used in the proof. The 
result we need is proved in [BG]. This is a particular case of Nekovaf's descent theory [N2]. Let 
C* be a perfect complex of H-modules and let C* = C* (8>^ Qp. We have a natural distinguished 
triangle 

C* ^ C* C', 

where X = 71 — 1. In each degree this triangle gives a short exact sequence 

^ Jy"(C")ri ^ H'^iC^) iT"+^(C")^^ ^ 0. 

One says that C* is semisimple if the natural map 

iJ"(C")^^ iJ"(C") F"(C")ri (4-7) 

is an isomorphism in all degrees. If C* is semisimple, there exists a natural trivialisation of 
detQpC*, namely 

^ : detQ^Co*^ ® det^-/)"i/"(Co) ^ ® (det^-/)"i/-(C-)r, det^-/)"i/"+i(C-)r^) 

^® (det^-/)"F"(C-)r, ® det^-/)"" ^ 



where the last map is induced by (4.7). We now suppose that C fC is acyclic and write 
ioo : det-^C* K, for the associated morphism in V{JC). Then i(x)(det-^C*) = /7i, where 
f E fC. Let r be the unique integer such that X~^f is a unit of the localization Ho of H with 
respect to the principal ideal XH. 

Lemma 4.3.3.2. Assume that C is semisimple. Then r = ^(— 1)""*"^ dimQ^ iJ"'(C*)'"^ and 

nez 

there exists a commutative diagram 



detQ^C^ ' 



■0 

P 



in which the right vertical arrow is the augmentation map. 

Proof. See [BG], Lemma 8.1. Remark that Burns and Greither consider complexes over A®Zp Qp 
but since 7i is a Bezout ring, all their arguments work in our case and are omitted here. 

4.3.3.3. By Theorem 4.2.3 the complex Rr|^'']^(Z), V) is semisimple and the first assertion follows 
from Lemma 4.3.3.2 together with Corollary 4.2.5. 

4.3.3.4. In this subsection we compare the Bloch-Kato local condition at p with the local 
condition coming from Perrin-Riou's theory. Set IlTf{Qp,D,V) = -D[— 1] and define 

5 = cone(^ ^ ' " Rr/(Q„ L>, ^ Rr/(Qp, F)^ [-1]. (4.8) 
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Thus, explicitly 

S=[D(B BcrUV) DeHs(V^) ® tv{Qp)] [-1] ^ [I? © D„is(l^) ^ ^cr^V) © £>)] [-1], 

where the unique non-trivial map is given by 

{x, y) ^ {{I - ^) y, ' ^ + ^) ^'^'''^ Fil°DeHs(V^))) ■ 

Thus H^S) = D'^=P~' and H^(S) = ^'^^'^p\ ~ R. — From the semi- 

simplicity of it follows that the natural projection H^{S) — > H'^{S) is an isomorphism 

and we have a canonical trivialization -ds '■ detQ^S* ~ detq^ H^{S) (8) detQ^H'^{S) ~ Qp. Hence 
the distingushed triangle 

S ^-RTf{Qp,D,V) ^RTf{qp,V) ^ S[l] 

induces isomorphisms 

detQ^Rrj(Qp, V) ~ KTfiQp, D, V) det^^^ " detQ^Rrj(Qp, D, V). 

Lemma 4.3.3.5. i) Let f : W — > W be a semi-simple endomorphism of a finitely dimen- 
sional k-vector space W. The canonical projection ker(/) — > coker(/) is an isomorphism and the 
tautological exact sequence 

ker(/) -^W coker(/) 

induces an isomorphism 

det*f : detfc(VF) detfc(VF) (g) detfc(ker(/)) O det^ ^(coker(/)) detfc(VF). 

Then det*f{x) = det(/ | coker(/)). 
a) The diagram 



-^detQ^Rrf{Qp,D,V) 



detQ^RVfiQj^V) 



det^HviQp) 



detn D ^ detm D 



in which the bottom map is the multiplication by del* — Ep{V, 1), commutes. 

Proof. The proof of i) is straightforward and is omitted here. Next, ii) follows from i) applyed to 
W = D and the fact what Ep{V, 1) = det (1 - V3 1 Dcris(V')) • 
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4.3.3.6. Now we can prove Theorem 4.3.2. Define 



Rr f (Q, ,N,T)= Rr£°} (Q, , N, T) ®^ , RF^ (Q, , D, F) = RF; (Q, , iV, T) 



Remark that for v = p this definition coincides with the definition given in 4.3.3.4. Applying 
<8)^Qp to the map Rr[^°}(Q^, £>, V) RrJ^°^(Q^,r) (g>\ H we obtain a morphism 

Rr/(Q,,A^)^Rr(Q„,y). 

If V ^ p, then Rrj(Q^, D, V) = Rrj(Q^,, y) and this morphism coincides with the natural map 
Rr/(Q^,y) Rr(Q„,y). li V = p, then Rr/(Q^,D,y) = D[-l] and by Theorem 2.2.4 it 
coincides with the composition 



(/i-l)!exp^,. 



D l^lzL^ DeHs(V^) 11^!:IZ1:^ H\%, V). 
Let Rr/^/i(D, y) denote the Selmer complex associated to the diagram 

m:s{v) e Rr(Q,,F) 



® m:f{q^,D,v) 



Then we have a distinguished triangle 

BTf,h{D,V)^-RTs{V)®( e Rr/(Q„I),y)) ^ © Rr(Q„y) (4.9) 

\ves ) ves 

which induces isomorphisms 

detQ^^Rrs(F) J^detQ^Rr(Q„ V)^ ^ det^^D ^ det^lRTf^hiD, V), 

^D,h ■■ AEp(y)®Q, (detQ^D detQ V+) ^ detQ^^Rr/,,,(D, F). 

Next, 'RTf^h{D, V) = Rr|^")^(D, V) Qp and for any i one has an exact sequence 

- RT£°),(Z^, V)r - RT;,,(i), V) ^ R'+^r£°i(i), Vf ^ 0. 
Prom Theorem 4.2.3 it follows that 

(n-^vtiiD.Vf ifz = l 
RT;,,(D, V) = \ B^v'^liD, V)r Hi = 2 

I if i / 1,2. 

Therefore, the isomorphism R^riw_/j(D, VY R^riw,/s(-D, V)y induces a canonical trivialization 

^D,h ■■ detQ^Rrj,,,(L»,y) ^Qp. 
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By Lemma 4.3.3.2 we have a commutative diagram 




Since 

Ai^,^(iV,r) ®\ Zp ~ Aep(T) (8)z^ ujm oj^^ 

it implies that 

^~D,h ° ^D,h{^MT) UJN = log(x(7))-'^rw, 0) Zp. (4.10) 

Consider the diagram 

Rr,m ^Rrs(T^)© © Rry(Q,,y) ^ © Rr(Q,,v) ^in 

^^/v; ?;esu{oo} ^■yesu{oo} V^--^J-; 

m:fdD,v) ^Rrs(v)© © Rr/(Q,,A^) ^ © Rr(Q,,F) 

L ^5©V+[-l] ^^l^+i-l] 

in which L = cone (RT f^hiD, V) — > TiTflV)) [—1] and the upper and middle rows coincide with 
(4.1) and (4.9) up to the following modification: the map locp : Rr/(Qp,l/) Rr(Qp,F) 
is replaced by r(/i) locp. It follows from Cl-5) that Rr/(V) is acyclic. Hence in the derived 
category I>P(Qp) the composition a : S ^ L ^ HTf^hiDjV) is an isomorphism. An easy 
diagram search shows that H^{S) ~ Yi^F f^h{D,V) coincides with id : D^^p — > i)v=p and 
that H^{S) ~ H'^r f^fi{D,V) coincides with r(/i) exp^ . Therefore, we have a commutative 
diagram 

detQ^5 detQ^Rr/,^(Z>,y) 




there k can be written as the composition 

Qp ^ det^lH\S) (E) detQ^H\S) ^ detQ^^Rir/,,,(i^, V) ® det^K^Tf^hiD, V) ^ Qp 
Prom Proposition 3.2.4 and Corollary 4.2.5 we obtain immediately that 

« = (logx(7))' fl - -) Ji:iD,V)-'idQ^. (4.12) 



32 DENIS BENOIS 

Passing to determinants in the diagram (4.11) we obtain a commutative diagram 



Aep(F) (g) (det(iy(Qp)) ® det" V+) 
/ 



-^det-^Rr/(F) 



Aep(F) ® (detD det" V+) <^ detS^^^ det~^Krf^h{D,V) detKT f^h{D,V) 



duality 



A-^p(V) (g) (^detL» (g) detQ 



^det-^Rry,^I),F) 



'D,h 



in which the map / is induced by (4.8). The upper row of this diagram sends Aep{T)(^{u}n'^^^b^) 
onto 

r(/i)'^+(^)w,u.B,p(Ai;p(r)). (4.13) 



From Lemma 4.3.3.5 it follows that 



(id®t?s) o/ = det* 



1 -p-y-^ 



£;p(i^,i)-Md 



(4.14) 



Next, (4.10) and (4.12) give 

^D\o{^D,h(S)n){Aj,p{T)®z,iON(^z,co^') = " ^) '^(L', F)-^L*^,;,(r, iV, 0) Zp. (4.15) 
Putting together (4.13), (4.14) and (4.15) we obtain that 



l-(p 



The theorem is proved. 



Appendix. Galois cohomology of p-adic representations 

A.l. Let K be a finite extension of Qp and T a p-adic representation of Gi^. Fix a topological 
generator 7 of F. Let D(r) = {T A)^'^ be the (<y9, r)-module associated to T by Fontaine's 
theory [F2] . Consider the complex 



c<^,^(D(r)) = [D(r) ^ D(r) e D(r) ^ D(r) 



where the modules are placed in degrees 0, 1 and 2 and the maps / and g are given by 



f{x) = ((</?- 1) x , (7 - 1) a;), g{y, 2;) = (7 - 1) y - ((^ - 1) z. 
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Proposition A. 2. There are canonical and functorial isomorphisms 

which can he described explicitly by the following formulas: 
i) If i = 0, then coincides with the natural isomorphism 

a) Let a, P & D(T) be such that (7 — 1) a = (1 — </?) p. Then h^ sends cl(a, /3) to the class of the 
cocycle 

Ma) = {g-i)x + - — -p, 
7-1 

where x G D(T) CB)Ak ^ is a solution of the equation {\ — (p)x = a. 

Hi) Let 7 G Gk he a lifting of g € F and let x be a solution of {(p — 1) x = a. Then /i^ sends 
a to the class of the 2-cocycle 

I. _ 1 

^2(51,52) = 7^H^i-l) ^ -, X 

7-1 

where gi = ^'''h, he Hk- 

Proof. The isomorphisms /i* were constructed in [HI], Theorem 2.1. Remark that i) follows 
directly from this construction (see [HI], p.573) and that ii) is proved in [Benl], Proposition 1.3.2 

and [CC2], Proposition 1.4.1. The proof of iii) follows along exactly the same lines. Namely, it is 
enough to prove this formula modulo for each n. Let a € D(T)/p"D(T). By Proposition 2.4 
of [HI] there exists r > and y € D(r)/p'^D(T) such that {(p - I) a = (7 - If /3. Let 

= (D(T)/p"D(r)) e (eL,(AK/p"A^)t,), 

where (p{ti) = ti + — l)'"~*(a) and j{ti) = ti + Then Nj. is a {(p, r)-module and we have 
a short exact sequence 

where X = N^/M ~ (BI^i-^k/p^^kU- An easy diagram search shows that the connecting 
homomorphism : H'^{C^^^{D{X))) -> H'^{C^^-y{T){T))) sends cl(0,tr) to -cl(a). The functor 
V(D) = (D^Ak-A)*^^^ is a quasi-inverse to D. Thus one has an exact sequence of Galois modules 

T/p^T -^n^ y{x) 

where T^ = Y{Nx). Prom the definition of x it follows immediately that tj. — x G T^- By ii), 

^^(cl(0, tr)) can be represented by the cocycle c{g) = U and we fix its lifting c : Gk Nx 

1 ^ ~ 

putting c{g) = {tr - x). As 510(52) - 0(9192) + c{gi) = -/U2(5'i, 52), the connecting 

7-1 

map : H'^{K,Y{X)) H^{K,T/p"'T) sends cl(c) to -cl(//2) and iii) follows from the 
commutativity of the diagram 

H\C^,^{X)) H\C^,,{T/p-T)) 



H\K,Y{X)) H^{K,T/p-^T). 
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Proposition A. 3. The complexes Rr(ii', T) and C^^j{T) are isomorphic in I'(Zp). 

Proof. The proof is standard (see for example [BF], proof of Proposition 1.17). The exact se- 
quence 

^ T ^ D(r) «)A^ A 
gives rise to an exact sequence of complexes 

^ C:{Gk,T) ^ C:(Gx,D(r) A) 



D(r) A ^ 



C:{GkMT) ®Ak A) ^0 



Thus Rr(if, T) is quasi-isomorphic to the total complex 

K'{T) = Tof (c:{GkMT) A) ^ C,'(Gx,D(r) A)) . 



On the other hand C^^^iT) = Tof {A*{T) 



> 

Consider the following commutative diagram of complexes 

7-1 



A'{T)], where A*{T) = [D(r) 



7-1 



D(r)]. 



D(r) 



D(r) 

/3i 



-^0 



C^Gk, D(r) ®Ak A) ^ Ci(Gx, D(r) ®Ak A) ^ CIGk, D(r) ®A^ A) 



in which (3q{x) = x viewed as a constant function on Gk and (3i{x) denotes the map G 
^{T) 0AK A) defined by (/3i(x)) [g) = x. This diagram induces a map Tof(A*(r) 



K 



7-1 

A'{T)) — > K*(r) and we obtain a diagram 

c^,^(r) ^ i^'(r) ^ Rr(ir,r) 

where the right map is a quasi-isomorphism. Then for each i one has a map 

and an easy diagram search shows that it coincides with /?,*. The proposition is proved. 

Corollary A. 4. Let V he a p-adic representation of Gk- Then the complexes RT{K,V), 
Cip_j{Y)^ (V)) and C^p^y{Y)l^^{V)) are isomorphic mD(Qp). 

Proof. This follows from Theorem 1.1 of [Li] together with Proposition A. 2. 

A. 5. Recall that K^o/K denotes the cyclotomic extension obtained by adjoining all p^-th 
roots of unity. Let F = Gal(i^oo/-^) and let A(r) = Zp[[r]] denote the Iwasawa algebra of F. 
For any Zp-adic representation T of Gk the induced representation IndK^/KT is isomorphic to 
(r(8)Zp A(r))'- and we set Rri^(i^,r) = C'(Gk Judx^/xT). Consider The complex 



in which the first term is placed in degree 1. 



V'-i 



D(r) 
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Proposition A. 6. There are canonical and functorial isomorphisms 

: H\Ci^,^iT)) HUK,T) 

which can be described explicitly by the following formulas: 

i) Let a G D(T)^=^. Then (99 — 1) a G D(T)^~° and for any n there exists a unique (3^ € 0(1") 
such that (7„ — 1) (3n = — 1) The map h}^ sends cl{a) to (/i^(cl(/3„, Q;)))neN G H^^^K^, T). 

li) Ifae D(T), then /iL(cl(a)) = -{hl{ip{a)))neN. 

Proof. The proposition follows from Theorem II. 1.3 and Remark II. 3. 2 of [CC2] together with 
Proposition A. 2. 

Proposition A. 7. The complexes Rriw(JC, T) and Ci^^.^{T) are isomorphic in the derived cat- 
egory V{K{T)). 

Proof. We repeat the arguments used in the proof of Proposition A. 1.2 with some modifications. 
For any n ^ 1 one has an exact sequence 

^ IndK^iKT (D(r) A ^ (D(r) ®Ak A ^ 0. 

Set T){lndK^,KT) = D(r) A(r)^ and 

D(lnd^^/^(T))0AKA = lim(D(r) Zp[G„]^) ®Ak A. 

n 

As Indx^/KT are compact, taking projective limit one obtains an exact sequence 

^ IndK^/KT D(Indx^/K(r))®AKA ^ D(Ind^^/j^(r))®AK A ^ 0. 
Thus Riw(i^, r) is quasi-isomorphic to 

K^^{T) = Tof (c*(Gi^,D(IndK^/KT)ci)AKA) ^ D(Ind,^^/KT)®AK A)) . 

We construct a quasi- isomorphism /, : Ci^^^{T) — > K*^{T). Any x G D(T) can be writ- 
ten in the form x = (1 — fij^) x + vV'(^) where ■0(1 ~ '~p^)x = 0. Then for each n ^ 
the equation (7^ — l)?/„ = ((^^ — l)^; has a unique solution y„ G D(r)'^=° ([CC2], Propo- 
sition 1.5.1). In particular, y„ = 2li±i y„+i and we have a compatible system of elements 

7n - 1 

\Gn\-l 

Yn= ^'(2^") ^ °(^) Put y = (y„)„>o G D(Indx^/Kr). Then 

A:=0 

(7„ - 1) y„ = (7 - 1) y (mod D(Ind^^/KT)). 

Let rix G (Gk, D(Indx<^/xr)(8)AK A) be the map defined by rix{g) = - — ^ (1 ® x). Define 

A : D(r) ^ Kl{T) = CO(GK,D(Indx^/Kr)0AKA)eCi(GK,D(Indx^/Kr)«>A,A) by 
/i(x) = (y,,7.) and /2 : D(r) ^ C.^G^, D(IndK^/Kr)clAK A) C K^T) by /2(^) = 
It is easy to check that /, is a morphism of complexes. This gives a diagram 

Ciw,^(r) ^ KiV(r) ^ Rri^(ir,r) 

in which the right map is a quasi-isomorphism. Using Proposition A. 1.4 it is not difficult to check 
that for each i the induced map 

H\C,^,^{T)) ^ H\Kl^(T)) ^ Hl{K,T) 

coincides with h\^. The proposition is proved. 
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Corollary A.8. The complexes HTi^{K,T) and ^{T) are isomorphic in T>{h.{V)). 

Proof. OnehasDt(r)^=i = Yi{Tf=^ ([CCl], Proposition 3.3.2) and Dt(r)/(V'-1) = D(r)/(V'- 
1) ([Li], Lemma 3.6). This shows that the inclusion ^{T) D(r)'^=^ is a quasi-isomorphism. 

Remark A.9. These results can be slightly improved. Namely, set r„ = [p— l)p"~^. The method 
used in the proof of Proposition IIL2.1 [CC2] allows to show that V(Dt''^"(r)) c Dt''^"-i(r) for 
n ^ 0. Moreover, for any a G D^^'''"(T) the solutions of the equation {ip — l)x = a are in 

, n » is a well-defined complex which 



Dt''^"(r). Thus C/;r"(r) = Dt''-"(r) Dt'''"(T) 
is quasi-isomorphic to Cl^^{T). Further, as (p{A'^''^/P) = A'^''^ we can consider the complex 

Ct'^!^" (T) = [Dt-'^—i (T) ^ Dt''-" (T) © Dt''^— 1 (T) ^ 0+-^" (T)] , n > 

in which / and g are defined by the same formulas as before. Then the inclusion C^'^^iT) 
Ctp^j{T) is a quasi-isomorphism. 
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